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ABSTRACT 
The main purpose of this paper is to introduce the concept of es-
sentially critically compressible modules. We call an R-module M 
essentially critically compressible module if it is essentially com-
pressible and additionally it cannot be imbedded in any of its factor 
module ܯ ܰൗ , where N is essential submodule of M. Keywords: 
template, Word 
1 INTRODUCTION 
Throughout all rings have non-zero identity elements and 
all modules are unital right R-modules. J. M. Zelmanowitz [1976] 
defined, an R-module M to be compressible if it can be imbedded 
in any of its non-zero submodules. A compressible module is 
called critically compressible if it cannot be imbedded in any of its 
proper factor modules. Zelmanowitz [1977] proved the following 
result about critically compressible modules. Zelmanowitz [1981] 
introduced weakly primitive rings and proved that a ring is weakly 
primitive if and only if it is a weakly dense subring of a full linear 
ring. This is a generalization of the Jacobson density theorem. J.M. 
Zelmanowitz [1993] gave the notion of weakly compressible mod-
ules. According to Zelmanowitz, an R-module M is called weakly 
compressible if for a non-zero submodule N of M, there exists a 
non-zero homomorphism f from M to N such that 
2f  is non-zero. 
P.F. Smith [2005] introduced the concept of a slightly compressi-
ble module, which is a generalization of compressible and weakly 
compressible modules. According to Smith, the module M is called 
slightly compressible if, for a non-zero submodule N of M, there 
exists a non-zero homomorphism from M to N. With the help of an 
example, Smith has shown that for every ring a projective module 
is not necessarily slightly compressible, and proved that over a V-
ring R, every projective R-module is slightly compressible. P.F. 
Smith [2006] introduced the concept of an essentially compressible 
module, which is another generalization of compressible modules. 
According to Smith, an R-module M is called essentially compres-
sible module if, for a non-zero essential submodule N of M, there 
exists a non-zero monomorphism from M to N. Smith proved that 
a non-singular essentially compressible module M is isomorphic to 
a submodule of a free module, and the converse holds if R is a 
semiprime right Goldie ring. In case, R is a right FBN ring, M is 
essentially compressible if and only if M is subisomorphic to a 
critically compressible module. Abhay K. Singh [2007] discussed 
the characterization of a critically compressible module is terms of 
torsion free and uniform modules. V. S. Rodrigues and A. A. 
Sant’Ana[2009] considerd a problem due to Zelmanowitz. Specifi-
cally, they study under what conditions a uniform compressible 
modules whose non-zero endomorphisms are monomorphisms are 
critically compressible and also provided positive answers. Abhay 
K. Singh [2011] introduced and investigated the concept of essen-
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tially slightly compressible modules and rings, which are natural 
generalizations of essentially compressible modules and rings. He 
has also provided an example of an essentially slightly compressi-
ble module which is not essentially compressible. Cesim Celik 
[2012] introduced and investigated the concept of completely 
slightly compressible modules as a generalization of compressible 
modules. 
2. Essentially critically compressible Modules: 
 
Definition2.1. Let ܯ  be a non-zero right ܴ െ module. Then: 
(1) ܯ is called essentially compressible if it can be imbedded 
in each of its non-zero essential submodules. 
(2) ܯ is called essentially critically compressible if it is es-
sentially compressible and, in addition, it cannot be im-
bedded in any of its factor modules  ܯ ܰൗ , where ܰ is es-
sential submodule of ܯ.  
 
Definition2.2. An essentially partial endomorphism of a module ܯ 
is a homomorphism from an essential submodule of ܯ in to ܯ. 
Clearly for a uniform module ܯ, every essentially partial endo-
morphism is a partial endomorphism on ܯ. 
Example 2.1. Clearly every critically compressible module is es-
sentially critically compressible. However, every semisimple mod-
ule over commutative ring is essentially critically compressible but 
need not be critically compressible. 
   We note that, every non-zero essential submodule of essentially 
compressible or essentially critically compressible module is also 
essentially compressible or essentially critically compressible 
module respectively. 
There is useful theorem concerning critically compressible module, 
which was prompted in [1981]. 
Proposition1.1. [Zelmanowitz (1981), Prop.1.1] Let ܯ be a com-
pressible module. Then the following conditions are equivalent:  
(1) M is critically compressible;  
(2) Every non-zero partial endomorphism on M is mono-
morphism. 
Now above result can be extended for essentially compressible 
module ܯ. 
Proposition1.2. The following conditions are equivalent for a 
essentially compressible module M:  
(1) M is essentially critically compressible;  
(2) Every non-zero essentially partial endomorphism on 
M is monomorphism. 
Proof. ሺ1ሻ ՜ ሺ2ሻ 
Let ܰ be a non-zero essential submodule of ܯ and let ݂ ׷ ܰ ՜ ܯ 
be a non-zero essential partial endomorphism on ܯ. Then we have 
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an isomorphism ݂ ׷ ܰ ܭ݁ݎ݂ൗതതതതതതതതതതതതതതത  ՜ ݂ሺܰሻ, and ݂ሺܰሻ is a non-zero 
essential submodule of ܯ [Anderson and fuller]. Since ܯ is essen-
tially compressible, there is a monomorphism ݃:ܯ ՜ ݂ሺܰሻ and 
the composition 
M
g՜ fሺNሻ f
-1
՜ N Kerfൗ ൑ ܯ ܭ݁ݎ݂ൗ  
is a monomorphism. By hypothesis ܭ݁ݎ݂ ൌ 0. 
ሺ2ሻ ՜ ሺ1ሻ 
Assume ܯ  is not essentially critically compressible module. Then 
there is a non-zero proper essential submodule ܰ of ܯ is imbedded 
in ܯ ܰൗ , say ݄:ܯ ՜ ܯ ܰൗ  is the monomorphism. Let ܶ be the 
submodule of M such that ܯ ൑ ܶ ൑ ܰ. Then we have, the compo-
sition 
ܶ గ՜ ܶ ܰൗ
௛షభሱሮ ܯ 
is non-zero essential partial endomorphism and so monomorphism, 
where ߨ is the canonical projection. But ܰ ് 0 is contained in the 
kernel of the composition. 
This is a contradiction. 
An ܴ െ module ܯ is called essentially retractable [2007] if 
ܪ݋݉ோሺܯ,ܰሻ ് 0 for every essential submodule ܰ of ܯ. It is clear 
that every essentially compressible module is essentially retracta-
ble but converse is not true. Indeed,  ܼସ over ܼ is essentially retrac-
table but not essentially compressible.  
Proposition 1.3. Suppose that ܯ is an essentially retractable ܴ- 
module. If every non-zero ݂߳ܧ݊݀ሺܯሻ is a monomorphism, then  ܯ 
is essentially compressible. 
Proof. Let N be a non-zero essential submodule of ܯ and ݂ ׷ ܯ ՜
ܰ a non-zero homomorphism. Then ݂݅ is a monomorphism and 
obviously ݃ is a monomorphism, where ݅ is an inclusion map. 
Converse is obvious. 
Then Proposition 1.2 can be extended to the setting of essentially 
retractable modules. 
Proposition 1.4. Let ܯ be an essentially retractable ܴ-module. 
The following statements are equivalent: 
(i) M is essentially critically compressible; 
(ii) Every non-zero essential partial endomorphism on ܯ is 
monomorphism. 
Now the following results give another formulation to the Zelma-
nowitz’s question in terms of essential compressible modules. 
Theorem 1.5. Let ܯ be an ܴ-module. The following conditions 
are equivalent: 
(i) ܯ is compressible and every non-zero endomorphism of 
ܯ is monomorphism; 
(ii) ܯ is essentially compressible and ܧ݊݀ሺܯሻ is domain; 
(iii) ܯ is essentially retractable and every non-zero endomor-
phism of ܯ  is monomorphism; 
(iv) ܯ is essentially retractable and ܧ݊݀ሺܯሻ is domain. 
Proof. It is clear that (i) ֜(ii), (ii) ֜ (iv) and (iv) ֜ (iii) and (iii) 
֜ (i) follows from Proposition 1.3. 
Proposition 1.6. Let ܯ be a essentially retractable uniform module 
such that ܧ݊݀ሺܯሻ is domain. The following conditions are equiva-
lent: 
(i) ܯ is critically compressible; 
(ii) ܯ is essentially critically compressible; 
(iii) ܯ is polyform. 
 
Proof. (i) ֞ (ii) For a uniform module critically compressible and 
essentially critically compressible modules are equivalent. 
(iii) ֜ (i). Suppose that ܯ is polyform. Since a module is polyform 
and uniform if and only if it is monoform [  ], by using that ܯ es-
sentially retractable, we have that ܯ is essentially critically com-
pressible. 
(ii)֜ (iii). If ܯ is essentially critically compressible, then due to 
uniformity of ܯ, it is critically compressible. Then by Proposition 
1.4 it is monoform, and hence polyform. 
Definition2.3. A module ܯ is said to be essentially fully retracta-
ble if for every non-zero essential submodule ܰ of ܯ and every 
non-zero element ݂߳ܪ݋݉ோሺܰ,ܯሻ we have ܪ݋݉ோሺܯ,ܰሻ݂ ് 0. 
Clearly, if ܯ is essentially fully retractable then  ܯ is re-
tractable. A non-zero ܴ-module ܯ is called self-similar if every 
non-zero submodule of ܯ is isomorphic to ܯ. It is clear that self-
similar modules are essentially fully retractable, but the converse is 
not true. For example ܼସ is a essentially fully retractable ܼ-module 
which is not self-similar. 
Proposition 1.7. Let ܯ be essentially retractable uniform module 
such that ܧ݊݀ሺܯሻ is domain. Then following conditions are equiv-
alent: 
(i) M is critically compressible; 
(ii) M is essentially critically compressible; 
(iii) M is polyform; 
(iv) M is essentially fully retractable. 
Proof. (i)฻(ii) follows directly due to uniformity of ܯ. (i)฻(iii) 
follows directly from Proposition 1.6. Now we prove (iv)֜(iii). 
Suppose that ܯ is not polyform. Then there exist a non-zero essen-
tial submodule ܰ of ܯ and a non-zero homomorphism ݂:ܰ ื ܯ 
such that ܭ݁ݎሺ݂ሻ is essential in ܰ. But we have that 
ܪ݋݉ோሺܯ,ܰሻ݂ ് 0. So there exist a non-zero map ݃:ܯ ื ܰ 
such that ݂݃ ് 0 and it follows that ݂݃ is a monomorphism (see 
Theorem 1.5). Thus ݃ is monomorphism. Now 0 ് ܭ݁ݎሺ݂݃ሻ ൌ
݃ିଵሺܭ݁ݎሺ݂ሻሻ ؆ ܭ݁ݎሺ݂ሻ ת ܫ݉݃ሺ݃ሻ, because ݃ is monomorphism. 
Since ܭ݁ݎሺ݂ሻ is essential in ܰ, we have necessarily ܫ݉ሺ݃ሻ ൌ 0 
which is a contradiction. 
(iii)֜(iv).Since ܯ is polyform and uniform, then it is monoform. 
Therefore if ܰ is non-zero essential submodule of ܯ and ݂ is non-
zero homomorphism from ܰ to ܯ, then it is monomorphism. Since 
ܯ is essentially retractable, ܪ݋݉ோሺܯ,ܰሻ is non-zero and we have 
that ܪ݋݉ோሺܯ,ܰሻ݂ ് 0. 
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